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N O N S T E A D Y  S H O C K  W A V E S  I N  G A S -  L I Q U I D  M I X T U R E S  
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a n d  R.  I .  N i g m a t u l i n  
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In recen t  y e a r s  many theore t i ca l  and exper imenta l  r epo r t s  have been published on the invest igat ion of 
shock waves  in liquids containing gas bubbles [1-11]. The r epo r t s  on the exper imenta l  level  a re  devoted to the 
invest igat ion of the s t r u c t u r e s  of c o m p r e s s i o n  waves  in mix tu res  with r a the r  l a rge  bubbles (~ 1 mm) [4-6, 9]. 
Because  of the cons iderab le  lengths of the re laxa t ion  zones for waves  in such mix tu res  (~ 1 m),  comparab le  

'wi th  the lengths of the shock tubes ,  the waves  obse rved  in [4-6, 9] w e r e  nonsteady,  as a rule.  This was f i r s t  
noted in [8], whe re  the necess i ty  of enlis t ing the nonsteady theory  in the analys is  of exper imenta l  data  was 
pointed out (up to then only s teady wave configurat ions w e r e  studied in the theore t ica l  r epo r t s  [1, 3-5,  8, 9]). 
The propaga t ion  of a weak  nonsteady wave was f i r s t  studied in [7] on the bas is  of the Burge r s  - K o r t e w e g - d e  
Vries  model equation. The r e p o r t  [10] is devoted to a desc r ip t ion  of the genera l  approach to the invest igat ion 
of nonsteady waves  in bubble media.  In the p r e sen t  r e p o r t  pr incipal  attention is paid to quest ions of the con-  
c r e t e  definit ion of the model  of the dynamic behavior  of the med ium and to a d i scuss ion  of recent  resul t s .  

w To de sc r i be  the nonsteady motions of mix tures  of liquids and gas bubbles we use  the methods of the 
mechanics  of a continuous medium,  a s suming  that  the c h a r a c t e r i s t i c  l inear  sca les  of the flow a r e  much l a r g e r  
than the s izes  of the bubbles and the d is tances  between them. We cons t ruc t  the model  of the dynamic behavior  
of the mix tu re  with the following s impl i fy ing  assumpt ions :  

1. The v i scos i t i e s  and t he rm a l  conductivi t ies  of the phases  a r e  impor tan t  only in p r o c e s s e s  of i n t e r -  
action between the phases .  

2. The bubbles a r e  spher i ca l  and monodisperse .  

3. Breaking up, col l is ions ,  and coagulat ion of bubbles a r e  absent.  

4. The veloci t ies  of the m a c r o s c o p i c  motions of the phases  coincide. 

5. The densi ty  and t e m p e r a t u r e  of the liquid a re  constant.  

Let  us d iscuss  assumpt ions  4 and 5, which are  of fundamental  in te res t  f r o m  the point of view of s impl ic i ty  
of the solution of concre te  p r o b l e m s ,  in m o r e  detail.  In sufficiently weak waves  the d i f fe rence  in the veloci t ies  
of the phases  is smal l  and viscous  d iss ipa t ion  in the re la t ive  t rans la t iona l  motion of the liquid and bubbles is 
ba re ly  not iceable  against  the background of the dominant  t he rma l  d iss ipa t ion  [8]. In s t ronge r  waves ,  when the 
noncoincidence of the veloci t ies  of the phases  is s ignif icant ,  the bubbles b r e a k  up, as a rule  [12]. This leads 
to a sha rp  d e c r e a s e  in the sl ipping of the phases  and to a cor responding  d e c r e a s e  in the d iss ipa t ion  due to the 
re la t ive  motion. With al lowance for  the effect  of the b reak ing  up of bubbles,  one can also study r a the r  s t rong  
waves  within the f r a m e w o r k  of the one-ve loc i ty  approach.  

The assumpt ion  of constancy of  the liquid t e m p e r a t u r e  is fully just if ied f r o m  the physical  point of view, 
s ince the heat  capaci ty  of the liquid (per unit volume of the mixture)  cons iderably  exceeds  the heat  capaci ty  of 
the gas.  The a s sumpt ion  of constancy of the liquid densi ty is appl icable  if the vo lume  content of bubbles in the 
mix tu re  is high enough and the compres s ib i l i t y  of the mix tu re  is p rac t i ca l ly  de te rmined  by the de format ion  of 
its gaseous component.  
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The assumptions that the density and temperature of the liquid are constant allow one to considerably 

simplify the problem of the investigation of nonsteady flows of the mixture. This pertains especially to the 

assumption that the liquid phase is incompressible, the absence of which complicates the modeling of pro- 

cesses of wave propagation, since it then becomes necessary to make a detailed calculation of the radial mo- 

tions of individual bubbles, of the fields of all the parameters near them, and of the processes of damping of 
the shock discontinuities initiated in the carrier phase. 

With the assumptions made, we can write the differential laws of conservation of mass, momentum, and 
energy of the mixture in one-dimensional nonsteady motion in the presence of the external force of gravity. 
The equations of conservation of mass and momentum of the mixture have the form 

@1 ~ Pl Ov dp~ , O v  

dt - ~  ,= O, ~ - - t -  P2--~ --  O, 

dv . O p  = 9g, 
P - ~  T a'~-x ( i . I )  

p l  = ~lp  ~ I ~  - -  ~ o ~ ,  p~ = cons~, ~1 + ~ = i ,  

P = Pl - -  P2, P = ~1Pl + a,~ (P2 - -  4~/5), 

where ~, p, and v are the mean density, mean reduced pressure, and mean velocity of the mixture; p~, Pi, Pi, 
and ~i are the true and mean density, the pressure, and the volume content of the carrier phase; g is the ac- 
celeration of gravity; the subscripts 1 and 2 pertain to the parameters of the liquid and the gas, respectively. 

The equations of the inflow of heat to the phases can be written in the form 

du2 ~.P2 dpO 
p~-~- = -~2 -d- i + nq, T 1 = const, (1.2) 

w h e r e  u 2 is  the  i n t e r n a l  e n e r g y  of the  ga s ;  q is  t he  i n t e n s i t y  of hea t  e x c h a n g e  b e t w e e n  p h a s e s  p e r  bubble ;  n is  
the  n u m b e r  of  bubb le s  p e r  uni t  v o l u m e  of the  m i x t u r e ;  T is  t he  a b s o l u t e  t e m p e r a t u r e .  

In a c c o r d a n c e  w i th  a s s u m p t i o n  5 we  a s s u m e  tha t  the  l iqu id  is  i n c o m p r e s s i b l e ,  and as  t he  equa t ions  of  
s t a t e  of  t he  s e c o n d  p h a s e  we  t a k e  the  equa t ions  of  s t a t e  of  a c a l o r i f i c a l l y  i d e a l  gas  

p0 = const, P2 = (7 - -  i) cv2p~ ug_ = cv~T~, (1.3) 

w h e r e  y i s  t he  a d i a b a t i c  index;  cv2 is the  s p e c i f i c  hea t  of  the  gas  at  c o n s t a n t  vo lume .  

By v i r t u e  of  the  adop ted  a s s u m p t i o n s  2 and 3, t h e f o l l o w i n g  equa t ions  a r e  va l id :  

p~5 s = const, a2 = n53n/6.  (1.4) 

The intensity of the heat exchange between an individual bubble and the liquid will be taken as proportional 
to the difference in temperatures of the phases: 

q = a6'-'[~(T 1 - -  T.) = aS)~ Nu (T 1 - -  T2)(Nu ---- ~5/~.2) , (1.5) 

w h e r e  5 is  the  b u b b l e  d i a m e t e r ;  fi and Nu a r e  t h e  c o e f f i c i e n t  of  h e a t  e x c h a n g e  b e t w e e n  p h a s e s  and the  N u s s e l t  
n u m b e r ;  ~2 is  t he  c o e f f i c i e n t  of t h e r m a l  c o n d u c t i v i t y  of t h e  gas .  

The  s y s t e m  of  equa t ions  (1.1)-(1.5)  is  c l o s e d  i f  t he  cond i t ions  of  c o d e f o r m a t i o n  of  the  c o m p o n e n t s  of t he  
m i x t u r e  a r e  a s s i g n e d .  The  R a y t e i g h - L a m b  equa t ions  [13, 14] a r e  u s u a l l y  u s e d  as  s u c h  cond i t ions  fo r  a l iqu id  
c on t a in ing  b u b b l e s .  I t  is  known, h o w e v e r ,  tha t  t h e s e  equa t ions  w e r e  o b t a i n e d  in  a p p l i c a t i o n  to  the  o s c i l l a t i o n s  
of  a s i n g l e  bubb le  l o c a t e d  in  an  unbounded l iqu id .  I f  the  p u l s a t i n g  bubb le  is  not  a lone  (is in the  v i c i n i t y  of an 
e n s e m b l e  of  o t h e r  b u b b l e s ) ,  t hen  one can  not ge t  by wi thou t  a l l o w a n c e  fo r  t h e i r  i n f luence  on the  d y n a m i c s  of 
i t s  r a d i a l  mot ion .  The  a p p r o p r i a t e  c o r r e c t i o n s  to the  R a y l e i g h  equa t ion  fo r  the  "gas  con ten t "  c a n  be ob ta ined  
w i t h i n  the  f r a m e w o r k  of  a c e l l  m o d e l  of  the  m e d i u m ,  ana logous  to  the  c o r r e s p o n d i n g  m o d e l  in the  k ine t i c  t h e o r y  
of  d e n s e  g a s e s .  

W e  wi l l  b e  conf ined  to  the  c o n s i d e r a t i o n  of  c e l l s  of  s p h e r i c a l  s h a p e  w i th  bubb les  l o c a t e d  at  t h e i r  g e o -  
m e t r i c a l  c e n t e r s .  We  wi l l  a s s u m e  tha t  d i s t u r b a n c e s  w h o s e  s o u r c e s  a r e  l o c a t e d  o u t s i d e  the  c e i l s  do not  a f fec t  
the  flow of l iqu id  w i t h i n  t h e m  (and v i ce  v e r s a ) .  We  have  

(5/2R) 3 a~, q~ = --w52/4r,  v = wS"/4r ~, 

w h e r e  R is the  r a d i u s  of an equ iva l en t  ce l l ;  ~ and v a r e  the  p o t e n t i a l  and v e l o c i t y  of  t he  r a d i a l  m o t i o n  of the  
l iqu id ,  d e s c r i b e d  by the  C a u c h y - L a g r a n g e  i n t e g r a l  
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0r v* _~___p _= 8 0w 3 W2,T (p,--4a/8) (1.6) 
0t T p0 2 at 2 p0 

W e  i n t r o d u c e  the  m e a n  m a c r o s c o p i c  p r e s s u r e  in  t he  l iqu id :  

Pl  ---- 3 pr2dr R 3 - -  (6/2)~). 

I n t e g r a t i n g  (1.6) o v e r  t he  v o l u m e  of a c e l l  and a l l owing  fo r  t he  v i s c o s i t y  of the  l iqu id ,  we  o b t a i n  the  fo l -  
lowing  r e f i n e d  c o n d i t i o n  of  c o d e f o r m a t i o n  of  the  p h a s e s  (the equa t ion  fo r  the  p u l s a t i n g  m o t i o n  of a bubb le  in  the  
m i x t u r e ) :  

8 ( t  - -  aw 16 - ~  w ----- 2 (p~ - pl - 4a/8) 08 ~1) ~/- + 3 ( t  - -  ~,) w '  + e0 ' 0-'/- = 2w, (1.7) 

= 3 = ( W  3 (2  + . , )  - 

w h e r e  cp~ and (P2 a r e  unknown c o r r e c t i o n  f a c t o r s  a l l owing  for  the  i n f luence  of  the  f i n i t e n e s s  of t he  v o l u m e  con ten t  
of  bubb l e s  on  the  c h a r a c t e r  of t h e i r  p u l s a t i n g  mot ion .  T h e y  a r e  p r o p o r t i o n a l  to  a~/3 in o r d e r  of m a g n i t u d e ,  and 
t hey  c a n  p r o v e  s i g n i f i c a n t  a t  h igh  enough v o l u m e  c o n t e n t s  of gas  (a 2 > 1-3%). As  a 2 - -  0 w e  h a v e  r (f12 ~ 0 and 
Eq. (1.7) c h a n g e s  into t he  o r d i n a r y  R a y l e i g h - L a m b  equat ion .  

w F o r  t he  n u m e r i c a l  m o d e l i n g  on  a c o m p u t e r  of  t he  n o n s t e a d y  w a v e  p r o c e s s e s  in  l iqu ids  c on t a in ing  gas  
b u b b l e s ,  w e  c h a n g e  to  t he  fo l lowing  d i m e n s i o n l e s s  v a r i a b l e s  and p a r a m e t e r s :  

0 0 
P i  =P~/Po ,  V = v / a . ,  �9 = p/p~ (I)~ = p~/pl0, 0 i  = T~/To, 

= t a , ,  C~. = cv2To/a 2, v~ = i6v~/a,,  ~ ' =  4(y/po, (2.1) 

~.  6 Nu 0 3 == ~,JP20Cv260a., 

W =: w / a .  (Pc Pl0(0), a2 / 0 --_-T~0)" = . == P0, P~0, To = T10 

F o l l o w i n g  the  concept of [101, we t r a n s f o r m  the  i n i t i a l  system of d i f f e r e n t i a l  equa t ions  (1.1), (1.2), (1.7) 
to  a f o r m  c o n v e n i e n t  fo r  integration. I n s t e a d  of t he  E u l e r i a n  c o o r d i n a t e s  (x, t) w e  u s e  the  L a g r a n g i a n  c o o r d i -  
n a t e s  (r ,  r ) ,  s i n c e  t h e y  a r e  m o r e  c o n v e n i e n t  for  t he  s o l u t i o n  of p r o b l e m s  of  th i s  c l a s s  w i t h i n  t he  f r a m e w o r k  of  
t he  o n e - v e l o c i t y  m o d e l  c o n s t r u c t e d .  In  t h e  v a r i a b l e s  (2.1) t he  c l o s e d  t r a n s f o r m a t i o n  of  t he  s y s t e m  of  equa t ions  
f o r  t he  d e s c r i p t i o n  of  n o n s t e a d y  w a v e s  in  a l i qu id  c o n t a i n i n g  bubb l e s  in  the  L a g r a n g i a n  c o o r d i n a t e s  has  the  f o r m  

O~P i dOo OP __ 6ci)2 a~ dV art) a , W  
"Or ~ �9 o dr Or -~ @8~(l--(p:) [(i  --4r + 3r W 2 - - ' v I W / f  + 2 ( P ~ - - P - - ' ~ / 8 ) / a l ] '  ~Tr = ~ o  08  ' 

O0 g a2WO O0 2 
~ -  = - -  ~ - ~ - - ,  - ~  = 6 ( 1 - - 7 ) - ~  d- f i , 8 ( l  - -0~) ,  

aWIO,~ = [2 (P~ - -  P - -  ~/8) /~t  - -  3 ( l  - -  %) W ~ --v~W/8]18 ( l  - -  (h), 

0810~ = 2W, (2.2) 

p,, = c ~ ( u  - ~) e~o~.~ ~ . =  ( l  - e ) / O  _ r e o  = r 

051 ~ ~ - - ~ . , ,  

I t  c o n s i s t s  o f  s ix  d i f f e r e n t i a l  e q u a t i o n s ,  e ach  of  w h i c h  c o n t a i n s  only  one d e r i v a t i v e  w i t h  r e s p e c t  to  one 
of  the  c o o r d i n a t e s  (r o r  ~-). The  f i r s t  two equa t i ons  of the  s y s t e m  s e r v e  fo r  t he  d e t e r m i n a t i o n  of  the  r e d u c e d  
p r e s s u r e  and v e l o c i W  of  t he  m i x t u r e  at  an  a r b i t r a r y  t i m e  f r o m  t h e  known f i e l d s  of  t he  r e m a i n i n g  p a r a m e t e r s ;  
t he  o t h e r  equa t i ons  d e s c r i b e  t he  l aws  of  v a r i a t i o n  o f  the  p a r a m e t e r s  of  t he  L a g r a n g i a n  p a r t i c l e s  of the  m e d i u m  

wi th  t i m e .  

F o r  t he  n u m e r i c a l  i n t e g r a t i o n  of  t he  s y s t e m  (2.2) w e  d i v i d e  a v o l u m e  of  the  m e d i u m  de f ined  by  the  po in t s  
r l ,  r2,  . . . ,  r n in to  n m a t e r i a l  p a r t i c l e s :  t h e  v a l u e s  of  a l l  t he  unknown func t ions  w i l l  b e  d e t e r m i n e d  at  the  po in t s  
r = r i (i = 1, 2,  . . . ,  n). Then  t h e  l a s t  fou r  d i f f e r e n t i a l  equa t ions  in  p a r t i a l  d e r i v a t i v e s  of t he  v a r i a b l e s  r  @2, 
W ,  and 5 w i th  r e s p e c t  to  t i m e  change  into  4n o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s ,  fo r  t he  n u m e r i c a l  i n t e g r a t i o n  of  
w h i c h  i t  i s  c o n v e n i e n t  to  u s e  t h e  m o d i f i e d  E u l e r - C a u e h y  m e t h o d  [15]. To  d e t e r m i n e  the  v a l u e s  of  the  p r e s s u r e  
P at  t he  p o i n t s  r = r i  a t  e a c h  f ixed  t i m e  one m u s t  s o l v e  t he  b o u n d a r y  p r o b l e m  fo r  t he  f i r s t  d i f f e r e n t i a l  equa t ion  
of  (2.2) w i t h  t h e  fo l lowing  cond i t i ons  at  t he  b o u n d a r i e s  of  an i s o l a t e d  v o l u m e  of  t he  m i x t u r e  (r = 0, r = l): 

r = 0 P (O,  ~) = Po(~)  or OP/Or(O, ~) = ~o(~), 

r = l P ( l ,  ~) = P~(~) or OP/Or(l, ~) = ~t(~). 
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I l l  

It  is  e x p e d i e n t  to  u s e  the  t r i a l - r u n  me thod  [16] to  s o l v e  th is  p r o b l e m .  W e  no te  tha t  the  v e l o c i t y  of the  
m e d i u m  e n t e r s  only  into the  s e c o n d  equa t ion  of  (2.2), so  tha t  is  not  o b l i g a t o r y  to c a l c u l a t e  i t  a t  e a c h  s t e p  of 
the  i n t e g r a t i o n  in t i m e .  

w The  n o n s t e a d y  w a v e  p r o c e s s e s  in  a 50% s o l u t i o n  of  g l y c e r i n e  in  w a t e r  c o n t a i n i n g  gas  bubb le s  (a i r  o r  
he l ium)  w e r e  m o d e l e d  n u m e r i c a l l y .  We  s t u d i e d  the  b a s i c  l aws  of the  e v o l u t i o n  of  the  s t r u c t u r e s  of n o n s t e a d y  
s h o c k  w a v e s ,  u s i n g  the  fo l lowing  v a l u e s  of  the  t h e r m o d y n a m i c  p a r a m e t e r s  of  the  p h a s e s  (P0 ~ 1 b a r ,  T O = 300~ 

liquid: p~ = 1i26 kg/m~ v 1 = 0.75. t0 -5 m2/sec; 

aiz: y = 1.4, p~ 0 = t .2 t  kg/ra 3, ~,.~ --= 0.025kgm/(sec3"deg), 
cvz = 716 rn2/(secZ.deg)~ 

helium: y = 1.66, p~ = 0A6 kg/m~ ~,.~ ----- 0.151 kgm/(seeS'deg), 

cv2 = 3128 ra~/(secZ-deg). 

It w a s  e s t a b l i s h e d  tha t  the  p r o p e r t i e s  of  the  evo lu t i on  of a s h o c k  w a v e  in a bubb le  m e d i u m  depend  s t r o n g l y  
on the  e f f ec t s  of t h e r m a l  d i s s i p a t i o n .  In p e r f o r m i n g  c o n c r e t e  c a l c u l a t i o n s  one m u s t  s u c c e s s i v e l y  a l low for  the  
i n f l uence  of  the  p a r a m e t e r s  of  the  m i x t u r e ,  t he  t h e r m o p h y s i c a l  p r o p e r t i e s  of  the  gas  and the  bubM e s ,  and the  
i n t e n s i t y  of  the  w a v e s  on the  p a r a m e t e r  Nu of  i n t e r n a l  h e a t  exchange .  Th i s  a l l o w a n c e  can  be  m a d e  wi th in  the  
f r a m e w o r k  of  the  r e c o m m e n d a t i o n s  of  [8] for  a s t e a d y - s t a t e  a n a l y s i s .  In a c c o r d a n c e  wi th  t h e m  the  p a r a m e t e r  
Nu and the  c o e f f i c i e n t  of  hea t  e x c h a n g e  [3 b e t w e e n  the  p h a s e s  u n d e r  the  c ond i t i ons  of p u l s a t i n g  m o t i o n  of the  
bubb l e s  a r e  d e t e r m i n e d  by the  r e l a t i o n s  

Nu == 8/(h~t,) 112, B = )~i(h~t,) '/2, h2 =),..Icw.p ~ (3.2) 

nSo/a,(3(ypjpo _ ]))1/~ ~ t ,  ~ aSola,(3(pelpo - -  ,l))V~, 

w h e r e  t ,  is  the  c h a r a c t e r i s t i c  t i m e  of  p u l s a t i o n s  of  the  b u b b l e s .  T h e s e  v e r y  equa t ions  w e r e  used  to d e t e r m i n e  
Nu in t he  n u m e r i c a l  e x p e r i m e n t s  conduc ted .  The  c a l c u l a t i o n s  showed  tha t  in w a t e r -  a i r  m i x t u r e s  wi th  a bubb le  
s i z e  on the  o r d e r  of 1 m m  (P0 ~ 1 ba r )  t he  s t r u c t u r e  of  s u f f i c i e n t l y  w e a k  w a v e s  (Pc /P0  < 1.4) e vo lve s  f r o m  an 
o s c i l l a t i n g  to a mono ton ic  s t r u c t u r e .  The  s t r u c t u r e  of  s t r o n g e r  w a v e s $  (Pc /P0  > 1.4) a p p r o a c h e s  an e x t r e m e  
o s c i l l a t i n g  c o n f i g u r a t i o n  in t he  c o u r s e  of evo lu t ion .  The  evo lu t ion  of w a v e s  in m i x t u r e s  of  bubb le s  wi th  l iqu ids  
of  m o d e r a t e  v i s c o s i t y  [4, 5, 9] is  due  to the  e f f ec t s  of  hea t  e x c h a n g e  b e t w e e n  p h a s e s  and of  the  t r a n s f e r  of  the  
k i n e t i c  e n e r g y  of r a d i a l  m o t i o n  into n e i g h b o r i n g  v o l u m e s  of  the  m i x t u r e  due  to the  p r e s s u r e  d i s t u r b a n c e  (but 
not  to the  e f fec t s  of  v i s c o s i t y  in  the  r e l a t i v e  m o t i o n  of  the  p h a s e s ,  a s  a s s e r t e d  in [9]). As  an e x a m p l e ,  in F ig .  1 
we  p r e s e n t  p r o f i l e s  of the  p r e s s u r e  and r a d i a l  v e l o c i t y  o f  bubb l e s  at  d i f f e r e n t  t i m e s  in a s h o c k  wave  of i n t e n s i t y  
p c / P 0  = 1.13 p r o p a g a t i n g  t h r o u g h  a m i x t u r e  w i th  the  fo l lowing  p a r a m e t e r s :  P0 = 1.045 b a r ,  ~20 = 1.7%, 5 o = 2.5 
mm;  c u r v e  1) t = 5; 2) 15; 3) 30 m s e c .  It i s  s e e n  tha t  the  s t e a d y  c o n f i g u r a t i o n  of th is  w a v e  is monoton ic  and i s  
f o r m e d  a t  a d i s t a n c e  of about  3 m in a t i m e  on the  o r d e r  of 30 m s e c .  

C a l c u l a t i o n s  w e r e  m a d e  in  o r d e r  to  s tudy  the  i n f luence  of  the  i n i t i a l  p r e s s u r e  P0 of the  m i x t u r e  on the  
p r o c e s s  of  evo lu t ion  of the  s t r u c t u r e s  of  s h o c k  w a v e s .  We e x a m i n e d  the  m o t i o n  of  s h o c k  w a v e s  of the  s a m e  
d i m e n s i o n l e s s  i n t e n s i t y  P c / P 0  in  t he  s a m e  m i x t u r e s  when  the  p r e s s u r e  P0 was  v a r i e d  in  t h e  r a n g e  of  0 .1 -10  
ba r .  I t  w a s  e s t a b l i s h e d  tha t  an i n c r e a s e  in P0 l e a d s  not only  to an  i n c r e a s e  in t he  w a v e  v e l o c i t y  (the w a v e  v e l o c -  
i ty  v a r i e s  in p r o p o r t i o n  to p~/2 [8]), but  a l s o  to  an i n c r e a s e  in the  a m p l i t u d e s  a n d l e n g t h s  of the  o s c i l l a t i o n s  in  
t he  f ront .  The  l a t t e r  is  c o n n e c t e d  w i th  the  fac t  t ha t  the  i n t e n s i t y  of  t h e r m a l  d i s s i p a t i o n  in  the  p r o c e s s  of hea t  
e x c h a n g e  b e t w e e n  p h a s e s  d e c r e a s e s  w i th  an i n c r e a s e  in  p r e s s u r e ,  by v i r t u e  of  the  fac t  t ha t  t he  c h a r a c t e r i s t i c  

t T h e  p r o p a g a t i o n  of  v e r y  s t r o n g  s h o c k  w a v e s  (Pc /P0  ~ 102-103) can  be s t u d i e d  w i th in  the  f r a m e w o r k  of  m o d e l s  
of  m e d i a  wi th  s e c o n d  v i s c o s i t y  [17]. 
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dimensionless  pa r ame te r / 3 ,  of heat exchange [see (2.1)] is proport ional  to po3/4 [p~ 0 ~ P0, a .  ~ p~/2, t ,  ~ p~l/2, 
Nu ~ p~/4 ( see  (3.2)),. so that fl. ~ poa/4]. 

The resul t s  of the calculations a re  i l lustrated in Fig. 2, where we present  the p r e s s u r e  profiles in non- 
s teady shock waves of intensity Pe /P0  = 1.3, formed 6 msec  after their  initiation by a piston moving with a 
constant  velocity in a mixture  with ~ 20 = 2.5% and 5 o = 3 mm. Curve 1) P0 = 0.1; 2) 1; 3) 10 bar. 

We analyzed the proper t ies  of the ref lect ion of nonsteady shock waves f rom rigid walls. As an example, 
we solved the problem of the motion of a wave initiated at the boundary of an isolated volume of the mixture 
with a p r e s s u r e  P0 = l b a r  through the instantaneous inc rease  of the p r e s s u r e  at the boundary to Pe = 1.3 bar. 
W e  calculated the p rocess  of ref lect ion of the wave f rom a wall located at a dis tance of 1 m f rom the point of 
initiation. The resul ts  of the calculations for mixtures  with ~20 = 1% and 50 = 3 mm and 50 = 1 mm a re  p r e -  
sented in Fig. 3 in the fo rm of p r e s s u r e  osc i l lograms  " recorded"  at a dis tance of 0.25 m f rom the wall (curves 
1 and 2) and at the wall i tself  (curves 3 ar, d 4). Curves 1 and 3 a re  50 = 3 mm and 2 and 4 are  1 mm; the equi- 
l ibr ium p r e s s u r e  behind the ref lected wave is marked by  the le t ter  e on the ordinate. It is seen that the lengths 
of the relaxat ion zones dec rea se  with a dec rea se  in bubble diameter .  At a bubble s ize  of 1 mm the waves have 
a lmos t  monotonic s t ruc tures .  

I t i s  known that the ref lec t ion of low-intensi ty shock waves (when the compress ib i l i ty  of the l iquid  c o m -  
ponent o f  the mixture  c a n b e  neglected) takes place in accordance  with the taw 

p2Jpo = (P./Po)~, 

where  pe and P2e a re  the equi l ibr ium p r e s s u r e s  behind the incident and ref lected waves,  respect ively.  In ex-  
p e r i m e n t s  on shock tubes,  however,  the above-ment ioned P2e cannot always be r ecorded  because  of the spe-  
cif ics o f  the exper iment  itself. If the length of the re laxat ion zone of the incident wave is large,  thenthe r a r e -  
faction wave f rom the h igh -p re s su re  chamber  of the shock tube can reach  the opposite wall before  the t ime 
of es tabl ishment  of the equil ibrium pressu re .  Then the maximum recorded  p r e s s u r e  p,  at the wall will be 
lower than its expected equil ibrium value. 

Thus, the p .  r ecorded  in the experiments  can depend on a whole se r i e s  of factors :  the initial s ize  of the 
bubbles, the thermophysica l  proper t ies  of the gaseous phase,  the intensity of the wave,  the p resence  or  ab- 
sence of effects of breaking up of bubbles, etc. Other conditions being equal, the length of the h igh -p res su re  
chamber  of the shock tube can also affect the value of p . .  With a sufficiently intense incident wave the bubbles 
break  up, and the extent of the re laxat ion zone (diffuseness of the profile) of the wave is sharply  reduced. In 
this case  the maximum equil ibrium p r e s s u r e s  behind the ref lected waves are  able to be established,  as a rule,  
before  the a r r iva l  of the ra re fac t ion  waves.  In the Case of the absence of breaking up of the bubbles i n t h e  wave 
the si tuation is g rea t ly  a l tered,  s ince the diffuseness of the incident wave front grows strongly.  

We made calculat ions in application to the experimental  data of [4, 5, 9]. We studied the evolution of 
waves of intensity Pe /P0  > 1 + 2a20. The analysis  of [9], c a r r i ed  out without allowance for the effects of the r -  
mal diss ipat ion in the radial  motion of the bubbles, showed that s teady waves of such an intensity must  have an 
osci l lat ing s t ructure .  Waves with an intensity pe /P0  > 1+  2~20 observed in the experiments  actually were  o s -  
ci l lat ing waves.  In this connection the hypothesis was advanced in [8] that these were  oscil lat ing waves only 
by vir tue  of the i r  nonsteadiness (it was impossible  to observe  steady wave configurations under the exper i -  
mental  conditions of [4] because of the insufficient length of the shock tube). The resul t s  of the calculations 
of the p roces s  of evolution of nonsteady waves confirmed this hypothesis.  In Fig. 4 we give an example of a 
calculat ion of the evolution of the p r e s s u r e  profi le  in a wave of Pe /P0  = 1.32, ca r r i ed  out in application to the 
experimental  conditions of [4]: P0 = 0.902 bar ,  ~20 = 2.5%, and 50 = 0.28 mm. It is seen that a monotonic wave 
s t ruc tu re  is rea l ized at a dis tance of more  than 3 m (in the experiments  of [4] the de tec tors  were  located at 
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distances of less than 1.6 m f rom the point of initiation of the waves and therefore  only nonsteady wave con- 
figurations were  recorded).  An analysis of the aggregate  of experimental  data of [4, 6, 9] shows that the ma jo r -  
ity of the results  obtained per ta in  to nonsteady waves,  so that their  co r r ec t  analysis can be ca r r i ed  out only 
with the enl is tment  of the nonsteady theory. 

We studied the influence of the thermophysica l  proper t ies  of the gas bubbles on the p rocess  of evolution 
of the s t ruc tures  of the shock waves. It was established that the thermophysical  proper t ies  of the gas can 
strongly affect the charac te r i s t i c  t ime of thermal  relaxat ion and, in this connection, the development of the 
evolutionary p rocesses  as a whole. Let us t r ace  this influence on the example of two gases ,  a i r  and helium, 
having considerably different thermophysical  proper t ies  [see (3.1)]. In accordance  with (3.1) and (3.2) the di-  
mensionless  coefficients of heat exchange fl*a and fl*h of air and helium with the liquid under the conditions of 
a pulsating motion of the bubbles are  connected by the relat ion 

~,h ~--- 3.5~,a. 

For  just this r eason  the intensity of thermal  dissipation must be grea te r  in mixtures  containing helium 
bubbles than in a mixture containing air  bubbles: accordingly,  other conditions being equal, the rate  of fo rma-  
tion of monotonic wave configurations is also greater .  The resul ts  of the calculations and their  compar ison  
with the experimental  data conf i rm this conclusion. As an example, in Fig. 5 we present  (at the same scale) 
calculated and exper imenta l t  osc i l lograms  of the p r e s s u r e  in shock waves I (a, b) and II (c, d): I (recording at a 
depth of 0.82 m f rom the surface  of the mixture;  the gas is helium): P c / P *  :: 1.3, p,  = 1.09 bar ,  a2.  : 1%, 5, = 
1.5 ram; II (recording at a depth of 1.59 m f rom the sur face  of the mixture;  the gas is air): P c / P ,  := 1.18, p.  = 
1.09 bar ,  ~2, = 1%, 5.  = 1.9 mm. Here the values of the pa ramete r s  at a depth of 0.82 m are  marked by an 
as ter isk .  It is seen that the shock wave in the mixture containing helium bubbles already has a monotonic 
s t ruc tu re  at a depth of 0.82 m, whereas  a weaker  wave in a pract ical ly  analogous mixture containing air bubbles 
still has a c lear ly  expressed oscillating s t ruc tu re  at the considerably g rea te r  depth of 1.59 m. The calculated 
osc i l lograms  a re  in sa t i s fac tory  agreement  with the experimental  ones. 

The calculations made and their  compar i son  with experimental  data show that the constructed model of 
the dynamic behavior  of a mixture can be used successful ly  for an adequate descr ipt ion of nonsteady wave p ro -  
cesses  in liquids containing gas bubbles. 
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A C T I O N  O F  A P R E S S U R E  P U L S E  ON A C A V I T Y  

IN A V I S C O U S  L I Q U I D  

N. A. G r i g o r ' e v ,  G.  S. D o r o n i n ,  
a n d  V. L .  O d i n o k i i  

UDC 532.52.01 

The case  of the col lapse  of a cavi ty  under the act ion of a constant  ex terna l  p r e s s u r e  P0 was analyzed in 
[1]. The re  is a c lass  of p r o b l e m s ,  however ,  in which the ex te rna l  act ion cons i s t s  of b r i e f  p r e s s u r e  pulses.  
Such a s i tuat ion occurs ,  for  example ,  in the impac t  loading of porous solids.  

Suppose that  t he re  is an empty  spher i ca l  cavi ty  of radius r 0 in a viscous i ncompres s ib l e  liquid with a 
densi ty ~. The p r e s s u r e  p~(t ,  T) at infinity (far f r o m  the cavity) is an a r b i t r a r y  function of t ime  at 0 -< t _< 

and is reduced to ze ro  at  t > T. 

The mot ion is spher i ca l ly  s y m m e t r i c  and the N a v i e r - S t o k e s  equations" desc r ib ing  it have the f o r m  

a u  .4_ 2 . ~ _  = O, o u  . au  - -  t a p  _ , ,  
a-7 E f  + ~ -YT ~ "6 - ~ 7  - ' '  

where  u(r ,  t) is the velocity;  p(r ,  t) is the p r e s s u r e .  

At the su r f ac e  of the cavi ty  a no rma l  s t r e s s  e r r  is absent  (the cavi ty  is empty) ,  and s ince e r r  = - P  + 
2 ~ d u / d r ,  we have Pl ==: 2~?(au/Or)l. He re  and l a t e r  the values  of quant i t ies  at  the boundary a r e  ma rked  by the 

index 1; 7/ is the coeff ic ient  of dynamic  viscosi ty .  

The second boundary condition will  be 

p = p ~ ( t , ~ )  at r = o o .  

F r o m  the f i r s t  equation of (1) we obtain u(r ,  t) = u l r ~ / r  z. 
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